We construct a pair of nite piecewise Euclidean 2-complexes with nonpositive curvature which are homeomorphic but whose universal covers have nonhomeomorphic ideal boundaries, settling a question from 8].
Introduction
The ideal boundary of a locally compact Hadamard space 1 X is a compact metrizable space on which the isometry group of X acts by homeomorphisms. Even though the ideal boundary is a well known construct with many applications in the literature (see for example 10, 4, 2] ), the action of the isometry group on the boundary has not been studied closely except in the case of symmetric spaces, Gromov hyperbolic spaces, Euclidean buildings, and a handful of other cases. In the Gromov hyperbolic case 2 the boundary behaves nicely with respect to quasi-isometries: any quasi-isometry f : X 1 ! X 2 between Gromov hyperbolic Hadamard spaces induces a boundary homeomorphism @ 1 f : @ 1 X 1 ! @ 1 X 2 7] . This has the consequence that the ideal boundary is \geometry independent": If a nitely generated group G acts discretely, cocompactly and isometrically on two Gromov hyperbolic Hadamard spaces X 1 ; X 2 , then there is a G-equivariant homeomorphism @ 1 X 1 ! @ 1 X 2 .
In 8, p. 136] Gromov asked whether this fundamental property still holds if the hyperbolicity assumption is dropped. Sergei Buyalo 5] and the authors 6] independently answered Gromov's question negatively: 5, 6 ] exhibit a pair of deck group invariant Riemannian metrics on a universal cover which have ideal boundaries homeomorphic to S 2 , such that the deck group actions on the boundaries are topologically Supported by NSF grants DMS-95-05175 and DMS-96-26-232. y Supported by a Sloan Foundation Fellowship, and NSF grants DMS-95-05175, DMS-96-26911, DMS-9022140. 1 Following 3] we will call complete, simply connected length spaces with nonpositive curvature Hadamard spaces. 2 The same statement is true of higher rank irreducible symmetric spaces and Euclidean buildings by 9]. inequivalent. Gromov also asked if @ 1 X 1 must be (non-equivariantly) homeomorphic to @ 1 X 2 whenever X 1 and X 2 are Hadamard spaces admitting discrete, cocompact, isometric actions by the same nitely generated group G. In this paper we show that even this can fail:
Theorem 1 There is a pair X 1 ; X 2 of homeomorphic nite 2-complexes with nonpositive curvature such that the universal covers X 1 ; X 2 have nonhomeomorphic ideal boundaries.
We remark that if M 1 and M 2 are closed Riemannian manifolds with nonpositive curvature and 1 (M 1 ) ' 1 (M 2 ), then their universal covers will have ideal boundaries homeomorphic to spheres of the same dimension.
Although some basic questions about the boundary have now been answered, a number of related issues are wide open, except in a few special cases. It would be interesting to know exactly which geometric features determine the ideal boundary of a Hadamard space up to (equivariant) homeomorphism. This question has a clean answer (see 6]) in the case of graph manifolds or the 2-complexes considered in this paper. In order to answer the question in any generality, it appears that it will be necessary to develop a kind of \generalized symbolic dynamics" for geodesic ows of nonpositively curved spaces.
Notation and preliminaries
A reference for the facts recalled here is 3]. If X is a Hadamard space, then we denote the ideal boundary of X by @ 1 X, the geodesic segment joining x 1 ; x 2 2 X by x 1 x 2 , and the geodesic ray leaving p 
Torus complexes
The following piecewise Euclidean 2-complexes were suggested to us by Bernhard Leeb, after a discussion of the graph manifold geometry in 6].
Let T 0 ; T 1 ; T 2 be at two-dimensional tori. For i = 1; 2, we assume that there are (primitive) closed geodesics a i T 0 and b i T i with length(a i ) = length(b i ), and we glue T i to T 0 by identifying a i with b i isometrically. We assume that a 1 and a 2 lie in distinct free homotopy classes, and intersect once at an angle 2 (0; 2 ]. The resulting 2-complex X is nonpositively curved as a length space because gluing of nonpositively curved spaces along locally convex subsets produces a nonpositively curved space 3].
We refer to X as a torus complex. ! X so that p ^ is homotopic to . Since 1 (X) is trivial, this implies that 1 (jNerve(B)j) is trivial. In particular, every wall separates X. We will say that a wall (resp. block) separates two blocks B 1 ; B 2 2 B if the edge (resp. vertex) of jNerve(B)j corresponding to the wall (resp. vertex) lies between the vertices of jNerve(B)j corresponding to B 1 and B 2 .
Our plan is to show that the subspace B2B @ 1 B @ 1 X can be characterized purely topologically 3 , and that its topology is di erent depending on whether = 2 or not. It will then follow that a torus complex with < 2 and a torus complex with = 2 have universal covers with nonhomeomorphic ideal boundaries. is such a strip, we let S be the set of 0 2 so that p 0 \ S 6 = ;. As in cases I and II, S is closed and open in . This forces the connected component of in to be contained in @ 1 H @ 1 B, as desired.
Vertices and safe paths
We say that 2 @ 1 X is a vertex if there is a neighborhood U of such that the path component of in U is homeomorphic to the cone over a Cantor set, with corresponding to the vertex of the cone. By Lemma 4 the set of vertices in B2B @ 1 B is precisely the set of poles in B2B @ 1 B (a priori there may be other vertices in would carry safe path components to safe path components, block boundaries to block boundaries (Corollary 8 and section 1.8), poles to poles, and longitudes to longitudes. But then section 1.9 gives a contradiction.
